
1.  Introduction
Absolute paleointensity (API) determinations are crucial for understanding the evolution of the ancient 
geomagnetic field (e.g., Tauxe & Yamazaki, 2015). In particular, spatio-temporal analysis of API can help 
to constrain the geodynamics of Earth's outer core, such as the possible relationship between geomagnet-
ic reversal frequency and paleointensity (e.g., Ingham et  al.,  2014; Kulakov et  al.,  2019; Shcherbakov & 

Abstract  The magnetic record, preserved by igneous rocks in the form of thermoremanent 
magnetization (TRM) or thermo-chemical remanent magnetization (TCRM), is essential to reconstruct 
Earth's absolute paleointensity (API) but strongly depends on the kinetic conditions in which the 
remanence was acquired. In this paper, we present exact analytical solutions describing the time-
dependent processes of acquisition and thermal demagnetization of various kinds of thermally activated 
remanences for non-interacting single-domain grains with uniaxial shape anisotropy. Our solutions, 
derived in less-restrictive conditions than previous studies, are also valid for TCRMs acquired either by 
growth of grain volume or by increase of the Curie point Tc. We first show that TCRMs by Tc increase and 
TRMs are of comparable intensity whereas TCRMs by volume growth are significantly less intense. We 
then model Arai-Nagata diagrams for assemblies of coercivity-variable grains and find that all Thellier-
type protocols yield reliable API determinations for TRMs and TCRMs by Tc increase, with the peculiarity 
of the IZZI protocol to produce small zigzags in the Arai-Nagata diagram. In contrast, TCRMs by volume 
growth yield convex Arai-Nagata diagrams. The most conspicuous kinetic effect is the influence of 
cooling rate on API determinations due to a ∼5% increase of the remanent magnetization for a 10-fold 
increase in cooling time. We show that the situation is problematic when the cooling time of natural 
samples coincides with the geomagnetic secular-variation time scales. Natural samples with cooling times 
sufficient to average out secular variation conversely yield reliable API determinations provided a cooling-
rate correction is applied.

Plain Language Summary  When a lava or a magma cools down, iron-rich minerals acquire 
magnetic properties while crossing their Curie point Tc and then fossilize the properties of the ambient 
magnetic field while passing through their blocking temperature. While rapidly cooled objects produce 
instantaneous records of Earth's magnetic field, called thermoremanences (TRMs), slowly cooled 
objects may be blurred by geomagnetic secular variation (SV) and additionally experience mineralogical 
transformations either due to the growth of grains or the increase of Tc, leading to more complex 
thermochemical remanent magnetizations (TCRMs). A big challenge of modern paleomagnetism is thus 
to identify the most appropriate remanences that yield robust paleointensity estimates. To address this 
issue, we derived analytical solutions that describe the acquisition and demagnetization processes of such 
remanences for assemblies of uniformly magnetized particles. We first show that TRMs and TCRMs by 
Tc increase yield equally robust paleointensities, whereas the magnetic signal is harder to deconvolve for 
TCRMs by grain growth. We then confirm that uncorrected contrasts in cooling rate between natural and 
laboratory conditions can strongly overestimate paleointensities. If the cooling rate exceeds the typical SV 
time scales, we demonstrate that average paleointensities, representative of geodynamo activity, can be 
robustly determined provided that a cooling-rate correction is applied.
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Sycheva, 2013) or the identification of key events of the geodynamo's history like, for example, the inner 
core's nucleation (e.g., Biggin et  al.,  2015; Smirnov et  al.,  2016; Tarduno et  al.,  2015). From a practical 
viewpoint, API determinations are mostly restricted to igneous rocks, the natural remanent magnetiza-
tion (NRM) of which being in the ideal case a thermoremanent magnetization (TRM) acquired during the 
inital cooling of a lava/magma, in the presence of the ambient magnetic field, from above its Curie tem-
perature Tc, or sometimes a thermochemical remanent magnetization (TCRM) involving the formation of 
ferromagnetic minerals below Tc. The TCRM formation in single-domain (SD) grains may occur either by 
grain-volume growth above the blocking volume Vb or by magneto-mineralogical transformations such as 
single- and hetero-phase oxidation processes leading to an increase of Tc above the current environmental 
temperature Tenv (e.g., Dunlop & Özdemir, 1997; Stacey & Banerjee, 1974). Independent of magneto-min-
eralogical alteration, note that another possible mechanism for Tc increase is the reversible reordering of 
cations and/or vacancies in the crystal structure of intermediate titanomagnetite (e.g., Bowles et al., 2013; 
Bowles & Jackson, 2016; Jackson & Bowles, 2018).

An unsolved problem of paleomagnetism is to better understand TCRM properties, the ultimate goal be-
ing to find practical methods to unambiguously distinguish the various kinds of TCRMs and in particular 
those yielding unbiased API determinations (e.g., Draeger et al., 2006; Fabian, 2009; Shcherbakov, Gribov, 
et al., 2019; Smirnov & Tarduno, 2005). As rock samples usually cool down much faster in laboratory condi-
tions than in natural conditions, another topical issue is the dependency of API determinations on cooling 
rate. From theoretical (e.g., Dodson & McClelland-Brown, 1980; Halgedahl et al., 1980; Walton, 1980) and 
experimental (e.g., Berndt et al., 2017; Berndt et al., 2021; Biggin et al., 2013; Ferk et al., 2014; Yu, 2011) 
results, it has been proposed that SD and pseudo-single domain (PSD) grains show larger TRMs after slow 
cooling than after fast cooling, whereas multidomain (MD) grains are slightly or not at all affected by vari-
ations in cooling rate. For SD grains, the dependency of TRM intensity on cooling rate is predicted to occur 
in a logarithmic manner, with a tenfold decrease in cooling rate leading to a ∼5% increase in TRM intensity.

From a theoretical viewpoint, the acquisition of TRM or TCRM can be explained by Néel's (1949, 1955) the-
ory. Before the blocking of TRM or TCRM occurs, an ensemble of identical grains with magnetic moment 
m and number density n is in a superparamagnetic (SP) state where its magnetization is

  
 
 B

tanh .M mn
k T

m B
� (1)

Here, kB is Boltzmann's constant, T is the ambient temperature, and B is the external magnetic field. The 
kinetics of the magnetization is governed by the relaxation time
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0
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where  1 9
0 10f  is the time for a single attempt to overcome the potential barrier Eb that prevents a reversal 

of the magnetic moment (e.g., Néel, 1955). During the magnetization process, the moment of the SD grain 
becomes frozen at the blocking temperature Tb at which the relaxation time τ equates a typical experimental 
time of usually 100 s (e.g., Bean & Livingston, 1959; Dunlop & Özdemir, 1997). Equations 1 and 2 thus lead 
to the blocking condition

b B25E k T� (3)

and the TRM intensity
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Based on Néel's (1949,  1955) theory, protocols to retrieve API estimates commonly rely on variants of 
Thellier and Thellier's (1959) method, which replaces progressively a specimen's NRM with partial TRMs 
(pTRMs) imparted in a known laboratory field Blab (e.g., Dunlop, 2011; Selkin & Tauxe, 2000; Valet, 2003, 
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for a review). In the original Thellier–Thellier protocol (Thellier & Thellier, 1959), the specimen is heated 
twice for each of multiple temperature steps, first in +Blab and then in −Blab. In the Thellier–Coe variant 
(Coe, 1967), the specimen is first heated in a zero field, then imparted a pTRM in +Blab. In the Thellier–Ait-
ken protocol (Aitken et al., 1988), the specimen is first applied a pTRM and then heated in a zero field. The 
Thellier-IZZI protocol (Tauxe & Staudigel, 2004; Yu et al., 2004) is a combination of the Thellier–Aitken and 
Thellier–Coe protocols, with a sequence of in-field and zero-field heating cycles (IZ) for a given temperature 
step, followed by a sequence of zero-field and in-field heating cycles (ZI) for the next temperature step. All 
these methods are thought to be virtually interchangeable in the case of ideal remanence carriers, although 
the Thellier-IZZI protocol is often claimed to be more efficient to detect the presence of MD remanence 
carriers (Tauxe & Staudigel, 2004).

In this study, we investigate the processes of acquisition and thermal demagnetization of TRM and TCRM 
assuming an ensemble of SD grains with uniaxial shape anisotropy such that

 2
b 0 d S / 2.E N M V� (5)

Here, V is a grain's volume, MS is its spontaneous magnetization, and   
d d dN N N  is the anisotropy pa-

rameter where 
dN  (resp. 

dN ) is the demagnetizing factor along the short axis (resp. long axis) of a grain. 
Some analytical solutions of the kinetic equations governing these processes have already been proposed by 
Dodson and McClelland-Brown (1980), Walton (1980), and Shcherbakov, McClelland, et al. (1993) with the 
intention of solving specific problems rather than offering a general description of the processes. These solu-
tions were moreover derived in the framework of strong approximations—integration using saddle point 
methods in Walton (1980), linearization of Boltzmann's factor in Dodson and McClelland-Brown (1980)—
and only considered the case of TRM acquisition whereas the understanding of the more complex case of 
TCRM acquisition is also of prime importance for the needs of rock magnetism. We note that numerical 
solutions of these kinetic equations are unfortunately hardly tractable due to the double exponential term 
that appears in the solutions, leading to extremely quick transitions from very low to very high values of 
the exponent in Equation 2. Based on analytical solutions, the purpose of this paper is thus to advance in 
the construction of a comprehensive theory describing the acquisition and thermal demagnetization of dif-
ferent kinds of thermally activated remanences for noninteracting SD grains starting from first principles, 
following the approach adopted by Egli and Lowrie (2002) in their theory of anhysteretic remanent magnet-
ization. To this end, we present in Section 2 a new set of exact analytical solutions, valid not only for pure 
TRMs but also for different kinds of TCRMs, and derived under the sole mean-field approximation for the 
spontaneous magnetization. We detail in Section 3 the intrinsic characteristics of these solutions in terms 
of kinetic effects. We finally model in Section 4 Arai-Nagata diagrams (Nagata et al., 1963) for ensembles of 
SD grains with variable blocking temperatures, with an emphasis placed on the effects of varying cooling 
rate and averaging secular variation (SV) (Table 1).

2.  Kinetic Equations and Their Solutions
Let x be the relative number of magnetic moments m of an ensemble of noninteracting SD grains, which 
are oriented parallel to the arbitrary positive direction along their light axis. Then, the function x(t) obeys 
the known kinetic equation

 


  
1 2

d 1 ,
d
x x x
t� (6)

where t is time and (τ1, τ2) are the Néel relaxation times defined by Equation 2 for flipping the moment from 
direction 1 to the opposite direction 2 (and vice versa) by overcoming the potential barrier


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2
0 d S

b1,2 1, 2 .
2

N M V
E m B� (7)
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Notation Meaning Unit

μ0 Vacuum permeability H/m

kB Boltzmann's constant J/K

n Number density m−3

t Time s

τ Néel relaxation time s
1

0f Atomic attempt time s

λ Heating/cooling time s

λlab Cooling time in laboratory conditions s

λNRM Cooling time of NRM acquisition s

T Temperature K

Tr Room temperature K

Tenv Environmental temperature K

T0 Reaction temperature K

Tc Curie temperature K

Tc0 Initial Curie temperature K

Tcf Final Curie temperature K

Tb Blocking temperature K

Tub Unblocking temperature K

 Sample volume m3

V Current grain volume m3

Vf Final grain volume m3

Vb Blocking grain volume m3

m Magnetic moment A ⋅m2

M Magnetization A/m

MS Spontaneous magnetization A/m

MS0 Spontaneous magnetization at T = 0 K A/m

dN Demagnetizing factor along the short axis Dimensionless


dN Demagnetizing factor along the long axis Dimensionless

Nd Anisotropy parameter   


d dN N Dimensionless

x Relative number of moments Dimensionless

y Reduced magnetization Dimensionless

β Spontaneous magnetization   S S0/M M Dimensionless

g Energy parameter  
 

2
0 d S0 B c( ) / (2 )N M V k T Dimensionless

h Field-intensity parameter   0 d S0(2 ) / (3 )B N M Dimensionless

q Cooling-rate parameter   0ln(2 )f Dimensionless

q0 Rate in laboratory conditions   0 labln(2 )f Dimensionless

q1 Cooling-rate ratio    10 NRM lablog ( / ) Dimensionless

Table 1 
List of Notations Used in This Paper
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Introducing the reduced magnetization y = 2x − 1 as the magnetization normalized by m n and assuming 
small external field such that m B/kB T ≪ 1, we arrive at

       
    

2
0 d S

0
B B

d 2 exp .
d 2

N M Vy f y
t k T k T

m B
� (8)

Here, the term (m ⋅B)/(kB T) approximates the SP susceptibility for small fields. At high temperatures, 

that is, at the condition  2
0 0 d S Blog(2 ) ( ) / (2 )f N M V k T , the factor   

2
0 0 d S B2 exp ( ) / (2 )f N M V k T  in 

the right-hand side of Equation  8 approaches 2f0 as T approaches Tc, thus securing the SP behavior of 
the grains with the trivial solution y = (m⋅B)/(kB T). On the contrary, at low temperatures, that is, when 

 2
0 0 d S Blog(2 ) ( ) / (2 )f N M V k T , the same factor becomes negligible leading to the solution y = constant 

and the blocking of the magnetic moments. Hence, all magnetization and demagnetization processes occur 
in a temperature range between these two end-member cases.

2.1.  TRM Acquisition and Demagnetization

Let us first consider the case of TRM acquisition which by definition takes place at constant grain volume 
V and constant Curie temperature Tc by cooling down a sample from Tc to the room temperature Tr. Let 
MS(T) be the spontaneous magnetization. The total magnetization of the ensemble of grains, normalized by 
MS0 = MS(T = 0 K), can be written as β(T) ⋅ y(T), where β(T) = MS(T)/MS0 is the normalized spontaneous 
magnetization. Introducing the dimensionless temperature θ = T/Tc and assuming the linear dependency 
θ = θ0 ± t/λ, where the parameter λ is the time of heating or cooling, Equation 8 can be transformed into

 


   
d ( ) ( ),
d

y A y D� (9)

with the coefficients




 
   

 
( ) exp ,gA q g� (10)

 




1( ) ( ) ,D A g h� (11)

and the parameters




2
0 d S0

B c
,

2

N M V
g

k T
� (12)
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Table 1 
Continued

Notation Meaning Unit

θ Reduced temperature   c/T T Dimensionless

θc Reduced Curie temperature   c cf/T T Dimensionless

θb Reduced blocking temperature   b c/T T Dimensionless

θb0 Laboratory blocking temperature   b c 25.3( / )qT T Dimensionless

v Reduced grain volume   f/V V Dimensionless
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 0ln(2 ),q f� (13)

 0 d S02 / (3 ).h B N M� (14)

The quantities g, q, and h are respectively termed energy, cooling-rate, and field-intensity parameters in 
the rest of the paper. The parameter g actually represents the ratio of the self-demagnetizing energy (at 
T = 0 K) to the thermal energy (at T = Tc). Note that the linear dependency θ(t) = θ0 ± t/λ can be justified 
by the fact that the temperature interval over which the TRM is acquired is narrow in comparison to the 
complete cooling time of the rock. We show in Appendix A that Equation 8 can also be easily integrated for 
the more realistic exponential dependency θ(t) = θ0  exp(−t/λ). However, as the two dependencies produce 
insignificant differences on the reduced magnetization, we thus considered the simplest case of a linear 
dependency in this paper.

In the derivation of Equations 9–11, we employed the mean-field approximation β(θ) = (1 −θ)1/2 for the 
temperature dependence of the spontaneous magnetization and note that the factor 3 in Equation 14 stems 
from averaging over m ⋅B. In laboratory conditions, the heating or cooling of a sample usually takes 10–
20 min; therefore, we considered the value λlab = 1000 s. Taking 2f0 = 108 s−1 (for the choice of this value, see 
Shcherbakov & Fabian, 2005) led us to choose the value q = 25.3 for the cooling-rate parameter except in 
Sections 3.3 and 4.5 where the influence of cooling rate was investigated (e.g., Brown, 1962; Néel, 1955). We 
note that this value is very close to the value q = 25 recommended by Dunlop and Özdemir (1997).

In the case of pTRM or full TRM demagnetization, that is, when a sample is heated from θ to θi, a positive 
sign has to be chosen in the left-hand side of Equation 9, leading to the general solution

  
      ( )( ) ( ) ( ) 1

1 1 1( ) ( ) d , .ff f f xiy C e D x e x C e y� (15)

where

       ( / ) ( )( ) ( ) d Γ(0, / )q g g q gf A x x e g g e� (16)

with C1 being an integration constant and   Γ(0, ) / dx
xx e x x the incomplete gamma function.

In the case of pTRM acquisition, that is, when a sample is cooled from θ to θi, the signs of f(θ) and D(θ) have 
to be reversed, as well as the bounds of integration of Equation 9. We thus arrive at

  
    ( )( ) ( ) ( ) 1

1 1 1( ) ( ) d , .ff f f xiy C e D x e x C e y� (17)

As illustrated in Figure 1a, studying the behavior of the reduced magnetization y(θ) rather than the product 
β(θ) ⋅ y(θ) better reveals the blocking effects. For the sake of simplicity, we used a constant parameter Nd and 
the same external field intensity B for both TRM and pTRM acquisition, noting that these simplifications 
can be easily abandoned if needed. In particular, to take the influence of the distribution of Nd into account, 
it would be possible to introduce distribution functions f1(Nd) and then obtain the solutions by an additional 
integration over f1(Nd). Finally, we note that y(θ) linearly depends on h as long as we study TRM acquisition 
under the action of thermal fluctuations and a small field B. For the sake of simplicity, we thus set h to one 
unless otherwise noted.

2.2.  Concept of Blocking Temperature

In violation of Thellier's law of independence, Equation 15 predicts a nonzero reduced magnetization y(θ) 
until Tc is reached. It implies that the blocking/unblocking processes are not instantaneous as illustrated 
in Figure 2a, which compares the thermomagnetic curves y(θ) during the TRM acquisition and during the 
TRM demagnetization for an ensemble of SD grains with energy parameter g = 150.

The blocking process extends over some temperature interval, commencing when y(τ) deflects from the 
reference curve    ( ) 1 /y  for an ensemble of SP grains at equilibrium and terminating when y(θ) 
reaches a plateau. Although this phenomenon has been known since Néel (1949, 1955), it is usually ignored 
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because the transition from a SP to a frozen state occurs over a narrow temperature range that is in general 
proportional to 2/g as evidenced by Equation 10. From a graphical point of view, the average blocking tem-
perature θb can be defined as the point of maximum curvature of the TRM acquisition curve (represented 
by a circle in Figure 2). However, such definition do not allow one to derive a suitable analytical expression 
for Tb.

Because of the similarity of the critical temperature intervals over which the blocking and unblocking pro-
cesses take place, we approximate in this paper θb by the average unblocking temperature θub, following 
the common practice for SD grains. From a mathematical point of view, θub can be defined as the point of 
steepest descent on the TRM demagnetization curve. Then, equating the second order derivative of y(τ) to 
zero leads to the relationship
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Figure 1.  Examples of remanence acquisition from kinetic equations of Section 2. (a) TRM acquisition showing the reduced magnetization y(θ) (solid line) and 
the total magnetization β(θ) ⋅ y(θ) (dotted line) for an ensemble of identical SD grains with energy parameter g = 100. The function y(θ) is given in h units (see 
Section 2.1). (b) TCRM acquired by grain-volume increase showing the function y(v) for g = 200 and the reaction temperature θ0 = 0.8. (c) TCRM acquired by Tc 
increase showing the function y(θc) for g = 150 and θ0 = 0.8. (d) TCRM acquired by Tc increase showing the function y(θc) for g = 500 and θ0 = 0.95. For panels 
(c) and (d), the dashed lines correspond to TRCM acquisition by increasing Tc at constant environmental temperature Tenv (Section 2.3) while the solid lines 
correspond to TCRM acquisition by simultaneously increasing Tc and decreasing Tenv (Section 2.4).
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   
 

               
/ /

2exp Γ 0, / 0q g g g g q gg gg q e e ge g e� (18)

that can be simplified into




   
 
 

2
021 ln .

f
g

g
� (19)

Using the relationships 12 and 13 and the definition θ = T/Tc, we arrive, in terms of physical variables, at 
the relationship

E

k T
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k T

b

B
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B
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d
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
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


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

















ln

2
0� (20)

accounting for the fact that, in our notations, Eb/kB T = g/θ and d[Eb/(kB T)]/dt = λ/θ2. Equation 20 only in-
significantly differs, by a term equal to Euler–Mascheroni constant γ ≈ 0.577, from the relationship obtained 
by York (1978), Dodson and McClelland-Brown (1980), and Walton (1980). Remind that Dodson and Mc-
Clelland-Brown (1980) had defined Tb as the intersection of the asymptotic branch of the TRM acquisition 
curve with the reference curve    ( ) 1 /y  for an ensemble of SP grains at equilibrium.

With regard to the applications, the most common usage of the blocking temperature concept is the calcu-
lation of the TRM intensity by substituting its value into the formula for the SP magnetization, yielding in 
our case

  



 
1/2

b
(1 )( ) at .y g� (21)
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Figure 2.  Concept of blocking temperature. (a) Example of TRM acquisition and thermal demagnetization for energy parameter g = 150. Curve 1 (dashed 
line) shows the reference curve    ( ) 1 /y  for an ensemble of SP grains at equilibrium. Curve 2 shows the reduced magnetization y(θ) during the TRM 
acquisition. The disk represents the point of maximum curvature. Curve 3 shows y(θ) during the thermal demagnetization of the acquired TRM. The cross 
represents the point of steepest descent, the abscissa of which approximates the blocking temperature θb (see Section 2.2). (b) Approximated TRM intensity 
(dashed line, from Equations 19 and 21) compared to exact TRM intensity (solid line, from Equation 17) at room temperature.
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As illustrated in Figure 2b, this approximate formula to estimate TRM intensity closely coincides with the 
exact formula.

2.3.  TCRM Acquisition by Grain-Volume Increase

Let us second consider the case when TCRM is acquired by increasing linearly with time the current grain 
volume V from zero to its final value Vf at a fixed dimensionless temperature θ0. For the sake of conveni-
ence, we introduce the dimensionless volume v = V/Vf that linearly increases from 0 to 1, so that v = t/λ. 
Equation 8 can be transformed into

  
d ( ) ( )
d
y A v y D v
v

� (22)

with the coefficients
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The general solution of Equation 22 is given as previously by Equation 15 with

 



 
 

    


0
0

0

0

(1 )exp
( ) ( ) d .

(1 )

gq v
f v A v v

g
� (25)

For the initial condition v = 0, the solution of Equation 22 thus becomes
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where Γ(0, x) is as previously the incomplete gamma function. Figure 1b illustrates an example of such 
TCRM acquisition by grain-volume increase.

2.4.  TCRM Acquisition by Curie Temperature Increase

Let us third consider the case when TCRM is acquired by increasing Tc from a fixed temperature Tc0 to its 
final value Tcf. Introducing the dimensionless temperature θc(t) = Tc(t)/Tcf and assuming the linear relation-
ship θ(t) = θ0 + t/λ with θ0 = Tc0/Tcf, we obtain, for the coefficients of Equation 22, the following expressions


 
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From these equations, we get the function
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             c c c 0 c c c( ) ( ) d exp( / ) exp( / ) Γ(0, / ) ,f A q g g g g� (29)

and the solution of Equation 15 for the initial condition y(θ0) = 0 can be expressed as


      

c
c c0

( ) ( ) exp ( ) ( ) d .y D x f f x x� (30)

Figures 1c and 1d (dashed curves) illustrate two examples of TCRM acquisition by Tc increase.

2.5.  TCRM Acquisition by Tc Increase and Tenv Decrease

In the general case of TCRM acquisition, both environmental temperature Tenv and Curie temperature Tc 
change with time. This leads to transform Equation 27 into

 
 

 
   

c
0

c

( ) ( )( ) exp log(2 ) .
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t tA t f g
t t
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If θ(t) changes much more rapidly than θc(t), we return to the case of pTRM (or TRM if θ0 is very close to 
one) acquisition described in Section 2.1. Conversely, if θc(t) changes much more rapidly than θ(t), it ap-
proximates the mechanism of TCRM acquisition described in Section 2.3, when θc increases while Tenv is 
almost constant.

Unfortunately, the coefficient A(t) given by Equation 31 cannot be integrated in a close form in the general 
case. However, we can consider a particular case when the difference z(t) = θc(t) −θ(t) linearly increases 
with time while the product θc(t)⋅θ(t) is constant, namely,

( ) ,z t t� (32)

    2
c 0( ) ( ) .t t� (33)

In this case, the coefficients of Equation 22 are
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Here, θ1 and θc1 are, respectively, the positive roots of the quadratic equations
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c
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As θc(t) ≤ 1, the value of z cannot exceed 1. For the initial condition y = 0 at z = 0, the reduced magnetization 
becomes

       2
00( ) ( ) exp ( ) ( ) d , 0 1zy z D x f x f z x z� (38)

with
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Examples of TCRM acquisition for this more general case are given in 
Figures  1c and  1d (solid lines), to be compared with TRM acquisition 
by Tc increase at constant environmental temperature (dashed lines). It 
appears that the blocking occurs at lower Tc due to the decrease of Tenv, 
leading to a slightly enhanced intensity.

3.  Kinetic Consequences of These Solutions
3.1.  Comparison Between TRM and TCRM Intensities

In this section, we first compare TRM and TCRM intensities as a function 
of energy parameter g. Figure 3 reveals a distinctive behavior for TCRM 
acquired by volume growth and TCRM acquired by Tc increase. On the 
one hand, TCRM acquired by increasing Tc at a constant environmental 
temperature Tenv and TCRM acquired by both increasing Tc and decreas-
ing Tenv are practically indistinguishable. They are moreover indistin-
guishable from a pure TRM at a low g values while an intensity excess of 
ca. 5% is observed at high g values. On the other hand, TCRM acquired 
by grain-volume growth is significantly weaker than a pure TRM. These 
observations confirm experimental results (e.g., Draeger et  al.,  2006; 
Shcherbakov, Gribov, et al., 2019) according to which TCRM acquired by 
Tc increase would produce almost unbiased API determinations whereas 
TCRM acquired by grain-volume growth would not be suitable for API 
determinations.

Note that the curves in Figure 3 were drawn starting from g = 80, which is equivalent to a blocking tem-
perature θb = 0.8 according to Equation 19, to insure that a remanence is acquired (i.e., θb always exceeds 
the reaction temperature τ0 = 0.8). The upper x-axis indicates the equivalent grain size for magnetite when 
MS0 = 485,000 A/m and Nd = 1/(4π). This latter value corresponds to an oblate spheroid with a ratio of 0.816 
of the length of the short axis to the length of the long axis, namely a rather moderate deflection from shape 
isotropy.

3.2.  Comparison Between TRM Lost and pTRM Gained

We now more specifically focus on pure TRMs and compare the amplitude of the TRM loss (defined as the 
difference between the total TRM and its rest at room temperature Tr) and the pTRM gain while considering 
various combinations of heating-cooling cycles that mimic Thellier-style experiments at a given tempera-
ture step.

For any temperature step of the most commonly employed Thellier-Coe protocol (Coe, 1967), the sample is 
submitted to a sequence of a zero-field heating-cooling cycle followed by an in-field heating–cooling cycle. 
We assumed here that the direction of the external field is identical for the TRM and pTRM acquisitions. 
Figure 4a illustrates this case for heating-cooling cycles up to θi = 0.83 and reveals that the TRM loss (≈ 35.5) 
considerably exceeds the pTRM gain (≈ 25). In other words, there is no total restoration of the TRM despite 
the same external fields were applied for the TRM and pTRM acquisitions. It implies in this case an under-
estimation of the ancient field. However, more rigorous modeling of API experiments for an ensemble of 
coercivity-variable SD grains (Section 3.3) will show that these kinetics effects are partly canceled due to the 
presence of grains with blocking temperatures θb outside the interval around θi. If the reverse sequence of 
heating-cooling cycles is applied following the example of the Thellier-Aitken protocol (Aitken et al., 1988), 
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Figure 3.  Reduced magnetization y(θr) at room temperature as a function 
of energy parameter g for various types of thermally activated remanences. 
The green line shows the intensity of the TCRM acquired by grain-
volume growth calculated from Equation 26 at v = 1. The black solid line 
shows the intensity of the TRM calculated from Equation 17 at θ = θr 
and C1 = 0. The red line shows the intensity of the TCRM acquired by 
Tc increase calculated from Equation 30 at θc = 1. The black dashed line 
shows the intensity of the TCRM acquired by both Tc increase and Tenv 
decrease calculated from Equation 38 at   2

01z . All calculations were 
made at the reaction temperature θ0 = 0.8. The upper x-axis indicates the 
equivalent grain size for magnetite when MS0 = 485,000 A/m and Nd = 1/
(4π).
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Figure 4b shows that the pTRM gain closely equates the TRM loss. Seen from that viewpoint, the Thelli-
er-Aitken protocol would thus be more preferable than the Thellier-Coe protocol for API experiments.

More generally, the external field Blab can be applied in different directions for the TRM and pTRM acquisi-
tions, with known consequences for API determinations. A detailed analysis of this problem that requires 
consideration of the geometry of the mutual disposition of TRM acquisition field, laboratory field and easy 
axis directions is above the scope of the study. However, for the purpose of this paper, we consider the two 
end-member cases when the TRM and pTRM are applied in antiparallel or orthogonal directions. Figure 4c 
presents the case of the Thellier-Coe procedure when the pTRM is applied in an antiparallel direction 
(h = −1) and reveals that the pTRM gain (≈ 46.5) leads to a 30% overestimation with respect to the TRM loss 
(≈ 35.5), compared to a 30% underestimation for h = + 1. Figure 4d presents the case of the Thellier–Coe 
procedure when the laboratory field is applied orthogonal to the TRM direction (e.g., Kono, 1974). To cal-
culate the corresponding kinetic curves, we used the fact that the creation and thermal demagnetization of 
TRM (first heating-cooling cycle) and pTRM (second heating-cooling cycle) are independent processes due 
to the orthogonality of their magnetizations. We observe that this protocol yields a pTRM gain (≈ 36.4) very 
close to the TRM loss (≈ 35.5).

We finally consider in Figure 4e the case of the original Thellier-Thellier protocol (Thellier & Thellier, 1959) 
that consists of a first heating-cooling cycle in the direction +Blab followed by a second heating-cooling cycle 
in the direction −Blab for each temperature step. Starting from a given primary TRM (TRM0 = 49.8 in our 
case), the first heating-cooling cycle yields the reduced magnetization y1 = TRM + pTRM = 50.7 while the 
second heating-cooling cycle yields the reduced magnetization y2 = TRM −pTRM = −21.7. The TRM loss 
(= TRM0 − (y1 + y2)/2 = 35.3) is thus very close to the pTRM gain (= (y1 − y2)/2 = 36.2) like in the case of 
Thellier-Aitken and “perpendicular fields” protocols.

3.3.  Dependence of Cooling Rate on TRM Intensity

We finally focus on the dependence of cooling rate on TRM intensity. To compare the remanence acquired 
in natural conditions (called hereinafter NRM) to the remanence acquired in laboratory conditions in the 
course of Thellier-type experiments (called hereinafter TRM), we express the cooling-rate parameter q de-
fined by Equation 13 such that


 

 



0 1

0 0 lab

1 10 NRM lab

ln(10)
ln(2 )

log ( / )

q q q
q f
q

� (40)

where λlab = 1000 s is the typical cooling time of laboratory experiments and λNRM is the cooling time of 
NRM acquisition. The dependency of the blocking temperature θb on the parameters g and q1, calculated 
from Equation 19, is shown in Figure 5a. The NRM/TRM ratio can first be expressed as a function of g and 
q1 using Equation 17, then as a function of q1 and θb0 using Equation 19, where θb0 is the blocking temper-
ature in laboratory conditions, that is, for q = 25.3.

As illustrated in Figure 5b, the cooling-rate effect only slightly depends on θb0 provided that θb0 > 0.5. In 
agreement with Dodson and McClelland-Brown  (1980), Walton  (1980), and Halgedahl et al.  (1980), the 
NRM/TRM ratio is overestimated by approximately 5% for a tenfold increase of the cooling time. In the 
particular case when θb0 ≤ 0.5, the NRM/TRM ratio rapidly reaches a plateau as the corresponding blocking 
temperatures θb0(g, q1) fall below the environmental temperature θenv ≈ 0.35, which is considered to be the 
lowest temperature available for a sample during cooling both in natural and laboratory conditions. Con-
sequently, the intensity of the reduced magnetization becomes frozen at θenv. Formally, this condition was 
satisfied by equating the lower bound in the integral of Equation 17 to θenv.

SHCHERBAKOV ET AL.

10.1029/2020JB021536

13 of 24

Figure 4.  Continuous thermomagnetic curves of the reduced magnetization y(θ) to an intermediate temperature θi = 0.83 for an ensemble of identical 
SD grains with parameters g = 100 and q = 25. (a) Zero-field heating–cooling cycle (curves 1–2) followed by an in-field heating–cooling cycle (curves 3–4), 
following the example of the Thellier–Coe protocol. (b) In-field heating–cooling cycle (curves 1–2) followed by a zero-field heating–cooling (curves 3–4), 
following the example of the Thellier–Aitken protocol. (c) Same as panel (a) for a laboratory field antiparallel to the TRM direction. (d) Same as panel (a) for a 
laboratory field perpendicular to the TRM direction. (e) Example of the Classical Thellier method with opposite fields applied for the first and second cycles.
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4.  Modeling Arai-Nagata Diagrams
4.1.  Method

In this section, we simulate more complete Thellier-style experiments. The TRM acquired by an ensemble 
of noninteracting SD grains is

  S( )( ) ( ) [ , ] dMM V n V y V V


� (41)

where y(V, θ) is the reduced magnetization defined by Equation 15 or 17 that here additionally depends on 
grain volume V. The density n(V) gives the number of grains with volume V and satisfies the normalization 
condition

 0 ( ) dN n V V� (42)

where N0 is the total number of grains inside the sample's volume . Remind that the energy parameter g 
and grain volume V are linearly linked by Equation 12. It is thus more common to calculate pTRMs using 
the blocking temperature spectrum n(θb0). Using Equation 19 that links g to the blocking temperature θb0 in 
laboratory conditions, we can transform Equation 41 into
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where we introduced the relative volume concentration

 



 b0 b0

b0
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( ) [ ( )] d( )
d

V n V VC


� (44)

and integrated over the spectrum of θb0.

For the sake of simplicity, we set C(θb0) to a constant for 1 > θb0 > θlow and C(θb0) to zero for θb0 < θlow, where 
θlow is the low boundary of the spectrum of θb0. Obviously, this restriction can be easily removed if needed by 
specifying a particular spectrum of C(θb0). In these conditions, the magnetization of the ensemble becomes
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Figure 5.  Dependence of cooling rate on TRM intensity. (a) Blocking temperature Tb as a function of q1 = log 10(λNRM/
λlab) for different values of energy parameter (g) (b) NRM/TRM ratio as functions of q1 and blocking temperature θb0 
calculated at q1 = 0.
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     1sat b0 b0low( ) ( ) ( , ) d ,M M y� (45)

where Msat is the saturation magnetization of the sample. For the modeling of Arai-Nagata diagrams (Naga-
ta et al., 1963), we can thus find the relative pTRM and TCRM values, at the normalized room temperature 
θr, by simple summation




     r sat r b0 b0 r

low
( ) ( ) ( , )

i
M M y� (46)

over θb0(i) with a small step δθb0 to determine the NRM loss (respectively, the pTRM gained) using the algo-
rithm developed in Section 2.1.

4.2.  Results for TRM and TCRM

Figure 6a shows the Arai-Nagata diagram for an ensemble of noninteracting SD particles bearing a pure 
TRM and submitted to the Thellier–Coe protocol. Here, the laboratory field for the pTRM acquisitions was 
chosen identical to the field used to impart the original TRM. As illustrated in the inset of Figure 6a, the 
kinetic effects documented in Section 3.2 reveal themselves in the form of deflections from the straight line 
during the very first steps of the Thellier–Coe experiment where a steeper descent of the curve is observed. 
The deflections are observed over a reduced temperature interval of ∼0.01, corresponding to ∼6°C for mag-
netite, and are thus unlikely to be noticed in typical paleointensity experiments. Points in the Arai-Nagata 
diagram can be fitted by a straight line with a slope b = 0.995. Figure 6b presents another Thellier–Coe 
experiment when the laboratory field for the pTRM acquisitions was chosen twice lower. The points in 
this Arai-Nagata diagram can again be fitted by a straight line with a slope b = 1.99. The small deflections 
of b from the theoretical values of 1 and 2 are due to the previously mentioned kinetic effects. These two 
diagrams confirm that samples consisting of an ensemble of noninteracting SD particles bearing a pure 
TRM are well suited for API determinations. As a consequence, the choice of Thellier-style protocol (Thelli-
er-Thellier, Thellier-Coe, or Thellier-Aitken) will only marginally affect the Arai-Nagata diagrams that yield 
the same API estimates.

Due to the very close similarity of TRM and TCRM intensities acquired by Tc increase (Section 3.1), the 
Arai-Nagata diagrams for such a TCRM are expected not to significantly differ from those presented in Fig-
ures 6a and 6b. An example of diagram for such TCRM acquired at reaction temperature θ0 = 0.9 is shown 
in Figure 6c. The API determined from this diagram leads to the slope b = 1.03 that only overestimates by 
3% the applied field. This conclusion is fully consistent with the finding that a TCRM by Tc increase is very 
close to a pure TRM, with the nuance that small intensity excess of ca. 5% can occur at high energy param-
eter (Section 3.1, Figure 3). This result differs from the case considered by Fabian (2009) of an initial TRM 
later modified by partial grain dissolution or low-temperature oxidation, also producing a linear Arai-Naga-
ta diagrams but significantly overestimating the paleointensity.

In contrast, Figure 6d shows the Arai-Nagata diagram for an ensemble of noninteracting SD particles bear-
ing a TCRM acquired by grain-volume increase. This diagram reveals a conspicuous departure from the 
expected straight line, in the form of a convex curvature. The slope, close to one at low-temperature (red 
line in Figure 6d), quickly diminishes with θi increasing. We note that a similar behavior was reported for 
laboratory Thellier-type experiments on samples carrying a TCRM produced by single-phase oxidation of 
titanomagnetite grains at T = 400–500°C (Gribov et al., 2019), even if there is no obvious link between the 
two processes.

4.3.  Peculiarities of IZZI Protocol

The IZZI protocol (Tauxe & Staudigel, 2004; Yu et al., 2004) is often claimed to be more efficient than other 
Thellier-type protocols to detect the presence of MD remanence carriers that would produce a zigzagging 
behavior of the points in the Arai-Nagata diagram in such a way that the IZ points (from successions of 
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in-field then zero-field heating–cooling cycles) lie systematically higher than the ZI points (from succes-
sions of zero-field then in-field heating–cooling cycles).

As illustrated in Figure 7a, the Arai-Nagata diagram, modeled for an ensemble of SD particles bearing a 
pure TRM, reveals small oscillations that can be explained by the kinetic effects reported in Section 3.2 ac-
cording to which ZI and IZ heating–cooling cycles are not fully equivalent (Figures 4a and 4b). Indeed, the 
ratio (NRM loss)/(pTRM gain), measured after heating a grain to a temperature close to its blocking temper-
ature, is significantly lower than 1 for the ZI cycle whereas it is very close to 1 for the IZ cycle. As illustrated 
in Figure 7b, we also reproduced the same oscillations from a direct experiment conducted on a thermally 
stable sample containing fine synthetic maghemite grains embedded in a kaolin matrix with relative vol-
ume concentration 0.5%. Based on hysteresis parameters (Mrs/Ms = 0.39, Bcr/Bc = 1.67) and the pTRM tail 
experiment shown in Figure 7c, we can claim that the grains are either of SD or small PSD size. According 
to these theoretical and experimental results, the zigzagging behavior of the IZZI protocol would not be a 
specificity of nonideal remanence carriers but is also found, in a modest proportion, for ideal SD carriers.
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Figure 6.  Modeling of Arai-Nagata diagrams for Thellier–Coe experiments. (a) TRM with a laboratory field identical 
to the ancient field. The inset enlarges the diagram for its initial part. The reduced temperature step Δθ = 0.002 would 
for instance correspond to ΔT = 1.17°C for magnetite. (b) TRM with a laboratory field twice bigger than the ancient 
field. (c) TCRM acquired by Curie temperature increase at reaction temperature θ0 = 0.9. (d) TCRM acquired by grain-
volume increase at reaction temperature θ0 = 0.8. The quantity b corresponds to the best-fit slope.
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4.4.  Effect of Cooling Rate on API Determinations

In first approximation, the cooling rate of natural rocks is governed by thermal diffusion and can be esti-
mated by the relationship λ ∼ L2/χ where L is the smallest dimension of the magma reservoir/lava flow and 
χ ∼ 10−6 m2 s−1 is the typical thermal diffusivity of the magma/lava (e.g., Turcotte & Schubert, 2014). From 
this simple scaling rule, we can estimate that thin flows of 1-m thickness would cool down in approximately 
10 days while thick flows of 10–30-m thickness would cool down in 3–30 years. In contrast, intrusions with 
L = 100–1,000 m would lead to λ ∼ 102−104 years.

To model Arai-Nagata diagrams with different cooling rates, we used the same methodology as in Sec-
tion 3.3, setting q = q0 + ln(10) q1 for TRM acquisition and q = q0 for pTRM acquisition and thermal de-
magnetization. We first considered the case of a ∼100-m-thick intrusion with λNRM = 1,000 years. This value 
of λNRM relates to 650 years needed to cool down the rock over the entire blocking spectrum from θb0 = 1 to 
θb0 = θlow = 0.5. Figure 8a shows the modeled Arai-Nagata diagram and reveals a substantial overestimation 
of the paleointensity by 45%. As discussed in Section 3.3, a contrast in the efficiency of TRM acquisition 
exists between low and high θb0, which translates in Figure 8a into a small but noticeable curvature of the 
Arai-Nagata diagram, with a steeper slope at low θb0.
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Figure 7.  Particular case of the Thellier-IZZI protocol. (a) Modeled Arai-Nagata diagram. The reduced temperature 
step Δθ = 0.01 would correspond to ΔT = 6.75°C for maghemite. (b) Experimental Arai-Nagata diagram for a sample 
containing SD or small PSD grains (see Section 4.3). The quantities b and IZZI_MD denote the best-fit slope and the 
zigzagging quantifier (Shaar et al., 2011). (c) Continuous thermal demagnetization of a pTRM (550°C, 500°C) applied to 
the same sample as previously and revealing the absence of pTRM tail.
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We then considered the case of a NRM carried by a TCRM acquired by Tc increase while annealing a 
∼1-m-thick flow at θ0 = 0.95 (what would correspond to T0 ≈ 520°C for magnetite) during approximately 
one day. This leads to the parameters λNRM = 20 days and q = 32.8, where the annealing time was calcu-
lated from the relationship θc = θ0 + t/λ by taking θc = 1. Figure 8b shows an overestimation of the paleo-
intensity by 19%. Such a feature is in agreement with the experimental results by Yamamoto et al. (2003) 
and Yamamoto (2006) that documented overestimated paleointensisties by 10%–50% for the historical 1960 
Kilauea lava flow, interpreted as the result of a TCRM acquired by grain-volume growth. The presence of 
titanomagnetite grains with well-developed ilmenite lamellae together with exsolved titanohematite grains 
could also point to a TCRM acquired by Tc increase during the exsolution process below Tc, that is, in similar 
conditions to the experimental case investigated by Shcherbakov et al. (2019).

4.5.  Effect of SV on API Determinations

We now consider the case when the cooling time of igneous rocks is slow enough to coincide with the typ-
ical time scales of geomagnetic SV, which are known to be on the order of a few millennia for the dipole 
component and on the order of a few centuries for the dominant multipolar components (e.g., Hongre 
et al., 1998; Hulot & Le Mouël, 1994; Lhuillier et al., 2011). In this case, every sub-ensemble of grains with a 
given blocking temperature witnesses a different field. In this paper, we neglect the effect of the directional 
fluctuations on the shape of the Arai-Nagata diagrams, assuming that the directional fluctuations produce 
equivalent intensity changes (e.g., a 6% intensity change for a 20° directional deflection) that are small 
enough compared to the changes of the geomagnetic field strength. To assess the secular-variation effect 
in the framework of this approximation, we modeled the field variations h(t) by a Giant Gaussian Process 
(e.g., Constable & Parker, 1988; Khokhlov & Hulot, 2013) and used the algorithm proposed by Khokhlov 
and Shcherbakov (2015) to generate intensity data. These data were first normalized to the average over the 
chosen time interval so that h(t) becomes dimensionless. Next, the function h(t) was converted to h(θ) and 
substituted in Equations 15 and 17. Arai-Nagata diagrams were modeled following the same methodology 
as in the previous sections. We additionally computed the derivative h*(θ) = d(NRM)/d(pTRM) that repre-
sents the local value of the paleointensity in the Arai-Nagata diagram.

Figures  9a and  9b present examples of Arai-Nagata diagrams for TRMs acquired at cooling time 
λNRM = 1000 years (i.e., for q = 42.6 according to Equation 40) in the presence of a time-variable external 
field h(θ) with θ = 1 − t/λ (λ ≥ 0.5). We first note that the slopes averaged over the whole temperature spec-
trum (b = 1.39 for Figure 9a, b = 1.4 for Figure 9b) lead to an overestimation of the recovered paleointensity 
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Figure 8.  Effect of cooling rate on Arai-Nagata diagrams for Thellier-Coe experiments with a laboratory field identical 
to the ancient one. (a) TRM acquired for cooling time λNRM = 1000 years (q = 42.6 according to Equation 40). (b) TCRM 
acquired at reaction temperature θ0 = 0.95 for an annealing time of approximately one day. The quantity b stands for 
the best-fit slope.
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by ca. 40%. Such a value is in overall agreement with the case investigated in Section 4.4 (Figure 8) for a 
TRM acquired in the presence of a constant external field at the same cooling rate and is thus the signature 
of the cooling-rate effect. However, Figures 9a and 9b indicate that the shape of the Arai-Nagata diagrams 
schematically reflects the variations of the external field h(θ) during TRM acquisition. Figure 9a shows a 
two-slope diagram with (i) a moderate slope b = 1.16 for θ > 0.75 corresponding to the sample's cooling in a 
nearly constant field h ≈ 0.85 and (ii) a steeper slope b = 1.90 for θ < 0.75 corresponding to the sample's cool-
ing in a field gradually increasing from h ≈ 0.8 to 1.2. Figure 9b considers the case of a V-shaped variation 
of the external field leading to a minimum of the slope at mid-temperature in the Arai-Nagata diagram. A 
more thorough analysis of the Arai-Nagata diagrams is made by comparing the derivative h*(θ) of the curve 
with the external field h(θ) during TRM acquisition. The insets of Figures 9a and 9b reveal that the curves 
h(θ) and h*(θ) display the same morphology but with a shift Δ θ ≈ 0.1 toward higher temperatures for h*(θ). 
In other words, it means that the paleointensity recovered at a given temperature corresponds to an external 
field seen at a lower temperature. This can be seen as a direct consequence of the cooling-rate effect detailed 
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Figure 9.  Effect of secular variation on Arai-Nagata diagrams for Thellier–Coe experiments. (a and b) TRM acquired for cooling time λNRM = 1,000 years (i.e., 
q = 42.6). (c) TRM acquired for cooling time λNRM = 10,000 years (i.e., q = 44.9). The variations of the normalized external field h(θ = 1 − t / λ| λ ≥ 0.5) during 
the TRM acquisition (solid line, right axis in the insets) were predicted by the statistical model by Khokhlov and Shcherbakov (2015). The local value of the 
paleointensity in the Arai-Nagata diagrams is represented by the derivative h*(θ) = d(NRM)/d(pTRM) (dashed line, left axis in the insets).
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in Section 3.3 (Figure 5a) according to which the blocking temperature of the TRM in laboratory conditions 
(i.e., for q1 = 0) is higher than the blocking temperature of the NRM in natural conditions (i.e., for q1 > 0).

Figure  9c finally deals with the case of an NRM acquired at cooling time λNRM  =  10,000  years (i.e., for 
q = 44.9 according to Equation 40) such that the cooling time largely exceeds the typical SV time scales of 
Earth's magnetic field, with the intention of mimicking the effect of averaging SV. The Arai-Nagata diagram 
yields an average slope b = 1.53, the overestimated value of which can be explained once more by the cool-
ing rate effect. In contrast to Figures 9a and 9b, the external field h(θ) experience multiple extrema but the 
points in the Arai-Nagata diagram only show small fluctuations around the linear trend. In this configura-
tion, the variations of h*(θ) are again shifted toward higher temperatures as a result of the cooling-rate effect 
but are also very smoothed with respect to the variations of h(θ). In summary, these observations indicate 
that Thellier-type API determinations on slowly cooled assemblies of noninteracting SD grains are trust-
worthy provided that SV is sufficiently averaged out and that a cooling-rate correction is applied.

More generally, one can wonder what would be the best approach to obtain API estimates that are repre-
sentative of the geodynamo's state. A first possibility is to rely on rapidly cooled lava flows that yield qua-
si-instantaneous records of Earth's magnetic field. The best examples are the basaltic glasses (e.g., Cromwell 
et al., 2015​, 2018) for which the natural and laboratory cooling rates are thought to be of the same order of 
magnitude (e.g., Gottsmann et al., 2004). The drawback of this method is that determinations from multiple 
cooling units are necessary to average out SV. A second possibility is to rely on slowly cooled intrusions, the 
cooling time of which largely exceeds the typical SV time scales. Such an approach was for instance recently 
employed by Bono et al. (2019) in their study of the Ediacaran Sept-Îles intrusive suite. Assuming a cooling 
time of ∼75 Kyr over the blocking temperature interval, a cooling-rate correction factor of ∼1.5 was then 
applied to their raw results. The drawback of this method is that an estimate of the NRM's cooling rate is 
mandatory and that the cooling-rate correction will be difficult in the case of nonideal remanence carriers. 
Between these two end-member cases, caution must be exercised. We showed that, when the NRM's cooling 
time coincides with the typical SV time scales of Earth's magnetic field, the shape of the Arai-Nagata can be 
strongly deformed and make their correct interpretation impossible.

5.  Concluding Remarks
Exact analytical solutions of the kinetic equations for the acquisition and thermal demagnetization of TRM 
and TCRMs acquired by grain-volume growth or Curie temperature increase were derived in SD grains and 
used to model the outcome of API determinations for different variants of Thellier's protocol.

1.	 �For the fictitious and nonrealistic case of assemblies of identical SD grains, Thellier's law of independ-
ence is often violated as a consequence of the noninstantaneousness of the blocking process. The Thell-
ier-Thellier and Thellier-Aitken protocols are in this case the only acceptable options whereas the Thell-
ier-Coe protocol underestimates the paleofield by several tens of percents.

2.	 �For the more realistic case of assemblies of coercivity-variable SD grains, the previously mentioned ef-
fects largely compensate each other. All Thellier-type protocols yield reliable paleofields for TRMs and 
TCRMs acquired by Tc increase, with the nuance that (i) small deflections of the slopes are observed for 
the Thellier-Coe protocol for the very initial points in the Arai-Nagata diagram and (ii) small zigzags 
around the linear trend are identified in the Arai-Nagata diagram for the Thellier-IZZI protocol. In con-
trast, TCRMs acquired by grain-volume growth yield convex Arai-Nagata diagrams that are challenging 
to interpret.

3.	 �The most conspicuous kinetic effect is the influence of cooling rate, with a ∼5% increase in the rema-
nence intensity corresponding to a tenfold increase in the cooling time. If the cooling time coincides 
with the geomagnetic SV time scales, the time-dependent remanence acquisition may lead to ambiguous 
Arai-Nagata diagrams with multiple slopes. If the cooling time conversely average out SV, the API deter-
minations are reliable provided that a cooling-rate correction is possible.

4.	 �The corollary of these kinetic effects is that several causes (TCRMs acquired by volume-grain growth, 
insufficient averaging of geomagnetic SV for slowly cooled units) can yield convex Arai-Nagata dia-
grams, the shape of which is difficult to distinguish from the deformations produced by nonideal MD 
remanence carriers (e.g., Calvo et al., 2002; Kosterov & Prévot, 1998; Levi, 1977; Xu & Dunlop, 2004).
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As a last remark, we would like to mention that the analytical solutions presented in this paper were derived 
for assemblies of noninteracting SD grains with shape anisotropy. We show in Appendix B that the assump-
tion of shape anisotropy probably has little influence on the kinetic processes. However, generalizing the 
results to assemblies of PSD grains, even for those of small size containing few energy minima (e.g., Fabian 
& Shcherbakov, 2018), would need a substantial amount of work. Another open question is the effect of 
interactions on the shape of Arai-Nagata diagrams (e.g., Coe, 1974; Shcherbakov, Sycheva, et al., 1996).

Appendix A:  Generalization for Exponential Cooling-Time Dependency
We considered in Section 2.2 a linear dependency θ(t) = θ0 + t/λ of temperature on time. It is unfortunately 
impossible to integrate Equation 8 for any time dependency. However, an exponential dependency θ(t) = θ0  
exp(−t/λ) can be easily handled, in which case Equation 8 can be transformed into
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It entails that Equation 9 can still be used with the new coefficient
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which leads to the new expression

    ( ) ( ) d exp( ) Γ(0, / )f A x x q g g� (A3)

that is even simpler than Equation 16 for a linear dependency of temperature on time. Nevertheless, it 
appears that the TRM intensities for an assembly of noninteracting SD grains (Equation 46) yield indistin-
guishable results when calculated from Equation 16 for a linear dependency and from Equation A3 for an 
exponential dependency. For the sake of simplicity, we thus considered a linear dependency in this paper.

Appendix B:  Generalization for NonShape Anisotropy
Let us abandon the assumption of uniaxial shape anisotropy described by Equation 5 and consider the more 
general relationship
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where N and n are the energy parameters. Equation 10 can thus be rewritten as
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Unfortunately, for n ≠ 2, the integral f(θ) = ∫ A(θ) dθ has no analytical solution. To approximate this integral, 
we thus used the approach proposed by Dodson and McClelland-Brown (1980) whereby Boltzmann's factor 
exp(q − Eb) is replaced by
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Here, T1 is a temperature chosen to eliminate the constant term of the decomposition, that is, by the 
condition
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Equation B2 can thus be simplified into
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For n  =  2 (shape anisotropy)  2
1/a g  and θ1  =  g/(q  +  g). For   2

14 1 / 1n a  and 

      1 2 (4 ) / (2 )g q q g q g . The solutions y(θ) for these two cases are shown in Figure B1a. As ex-

pected, the blocking temperature for n = 4 is considerably lower than for n = 2. In other words, blocking 
temperatures shift down with n increasing due to the decrease of the potential barrier Eb.

The validity of this approximation can be tested for n = 2 by comparing the solutions with the exact formu-
las from Section 2. As illustrated in Figures B1b and B1c, the similarity between the exact and approximated 
solutions is quite satisfactory. It gives hope that calculations carried out by the approximate algorithm can 
provide adequate solutions to other values of n, though this statement might not be conclusive until more 
evidence is obtained.

Data Availability Statement
None.
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Figure B1.  Generalization for nonshape anisotropy. (a) Example of TRM acquisition for parameters g = 150 and 
q = 25. Curve 1 shows the reference curve    ( ) 1 /y  for an ensemble of SP grains at equilibrium. Curves 2 and 
3 show the reduced magnetization y(θ) for energy parameter n = 2 and n = 4, respectively. (b) Zero-field followed by 
in-field heating–cooling cycles to an intermediate temperature θi = 0.938 for parameters g = 150 and q = 25. The black 
curves show the exact solutions whereas the red curves show the approximated solutions.
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